MSRI

Mathematical Sciences Research Institute

17 Gauss Way Berkeley, CA 94720-5070 p: 510.642.0143 f: 510.642.8609 www.msri.org

NOTETAKER CHECKLIST FORM

(Complete one for each talk.)

Tony Feng tonyfeng@stanford.edu

Name: Email/Phone:

speaker’s Name: Claire Voisin

Stable birational invariants
Talk Title:

Date: 2 / 6 / 19 Time:ﬂ:_sgﬁ)pm(circleone)

Please summarize the lecture in 5 or fewer sentences:

CHECK LIST

(This is NOT optional, we will not pay for incomplete forms)

O Introduce yourself to the speaker prior to the talk. Tell them that you will be the note taker, and that
you will need to make copies of their notes and materials, if any.

O Obtain ALL presentation materials from speaker. This can be done before the talk is to begin or after
the talk; please make arrangements with the speaker as to when you can do this. You may scan and
send materials as a .pdf to yourself using the scanner on the 3" floor.

e  Computer Presentations: Obtain a copy of their presentation

e  Overhead: Obtain a copy or use the originals and scan them

e Blackboard: Take blackboard notes in black or blue PEN. We will NOT accept notes in pencil
or in colored ink other than black or blue.

e Handouts: Obtain copies of and scan all handouts

O For each talk, all materials must be saved in a single .pdf and named according to the naming
convention on the “Materials Received” check list. To do this, compile all materials for a specific talk
into one stack with this completed sheet on top and insert face up into the tray on the top of the
scanner. Proceed to scan and email the file to yourself. Do this for the materials from each talk.

O When you have emailed all files to yourself, please save and re-name each file according to the naming
convention listed below the talk title on the “Materials Received” check list.
(YYYY.MM.DD.TIME.SpeakerLastName)

O Email the re-named files to notes@msri.org with the workshop name and your name in the subject
line.


mailto:notes@msri.org
Tony old mac
Tony Feng

Tony old mac
tonyfeng@stanford.edu

Tony old mac
Claire Voisin

Tony old mac
Stable birational invariants 

Tony old mac
2

Tony old mac
6

Tony old mac
19

Tony old mac
10

Tony old mac
30

Tony old mac


STABLE BIRATIONAL INVARIANTS

CLAIRE VOISIN

1. UNRAMIFIED COHOMOLOGY
Let X/C be smooth. We have f: X4, — Xz4 and we defined H'(A) = R'f. A,
HE (X5 A) i= HY (X 707, HU(A)).
We would like to explain why this is a birational invariant.
We recall the Gersten-Quillen resolution of H'(A). For all W irreducible and
reduced, define
H'(C(W); A) == lim Hp(U; A).
ucw
This is a constant sheaf on W. If W contains a divisor D, we have a residue map
H'(C(W); A) — H'"H(C(D); A)
(The definition is slightly tricky.)
The Gersten-Quillen resolution is
0 H(A) - H(CX);4) - @ HYCD)A)—...—» EH HAC(Z);4) 0.
codim(D)=1 codim(Z)=i
(1.1)
Why is it a complex? It basically amounts to saying taking residues in one order is
negative of the residues in the other order.

Theorem 1.1 (Bloch-Ogus). This is an acyclic resolution of H'(A).

This is a deep and difficult fact.
We have a spectral sequence E5? = HP(X z,,; H1(A)) converging to the analytic
cohomology. The Bloch-Ogus theorem shows that

B = Hi, (X; 4) = ker (HZ‘(C(X% A= DHTD, A>> - 2
D

Corollary 1.2. For U C X, H. (X;A) — H: (U; A) is injective and an isomor-
phism if the codimension of X — U has codimension at least 2.

Proof. Neither term in (1.2)) changes. O

This implies the birational invariance of H? (X; A), for smooth projective X.
Other corollaries:

(1) EB?9 =0 for p > q.
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(2) The Bloch-Ogus formula.
Theorem 1.3 (Bloch-Ogus). CH*(X)/alg.eq = H*(X z4,; H*(Z)).

Proof. Use the resolution . We’re looking at the last term, which is a
direct sum over cycles of codimension k of H°(C(Z);Z), modulo the sum
over cycles W of codimension k —1 of H(C(W); Z). This is the same as the
relation of algebraic equivalence. O

We have a filtration E&! on H}(X; Z) with p+q = 2k,p < ¢. In particular
EXF is the sub. We just found Eg * in terms of the Chow group. Since the
differentials leaving Egk are all 0, we have Eg’k — EEF - H%(X;Z); this
is the cycle class map.

2. CHOW DECOMPOSITION OF THE DIAGONAL

Let X be a smooth variety of dimension n over an algebraically closed k. Choose
x € X a point of degree 1.

Definition 2.1. We say that X has a Chow decomposition of the diagonal if
Ax=Xxz+ZeCH"(X xX) (2.1)

where Z =Y n;Z; is such that pry : Z; — X does not dominate.
Equivalently, there exist a proper closed D C X such that Z; is supported D x X.

Consider the action of correspondences P € CH™(X x X), which induces P,: CH*(X) —
CHF(X) by
P.(z) = pra«(priP N z)
with adjoint
P*(z) = pri«(praP N z).

Lemma 2.2. If X has a decomposition of the diagonal, then CH,(X) = Zzx.

Proof. Consider the action of (2.1)): we get
z = (deg z)z + 0.

Over C there is a sort of converse, due to Bloch-Srinivas.
Theorem 2.3 (Bloch-Srinivas). CHy(X) = Z implies (2.1)) after tensoring with Q.

Lemma 2.4. If X has a Chow decomposition of the diagonal, then for all L D k
then CH()(XL) = Z.IL.

Proof. Just take a base change of the decomposition and apply the same argument.
O

Definition 2.5. X has universally trivial C Hy if it has the property that for all
L D k then CHy(X1) = Zzxy.
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Proposition 2.6 (Auel-Colliot-Théléne-Parimala). X has a Chow decomposition of
the diagonal if and only if X has universally trivial C Hy-group.

Proof. Assume CHy(Xp) = Zzxy, forall L D K. Consider L = K(X). By hypothesis,
the generic point 1y, € X (L) is identified with z, in CHy(X1,). You then spread this
out, viewing L as the colimit of functions over Zariski open subsets of X. From this
you deduce that there exists U C X such that A(X)|pxx =U xz € CH™"(U x X).
Using the localization exact sequence, this gives a decomposition of the diagonal. [J

Proposition 2.7 (V.). If X has a decomposition of the diagonal modulo algebraic
equivalence, then it has a Chow decomposition of the diagonal.

3. COHOMOLOGICAL DECOMPOSITION OF THE DIAGONAL

Definition 3.1. We say that X has a cohomological decomposition of the diagonal
if
[Ax]=[X x 2]+ [Z] € HE'(X x X) (3.1)
where [Z] = > n;[Z;] with the property that pr; : Z; — X does not dominate.
Equivalently, there exist a proper closed D C X such that Z; is supported D x X.

If you have a Chow decomposition, you get a cohomological one by taking the
cycle class.

Remark 3.2. Having a Chow decomposition of the diagonal is a stably birationally
invariant property for X smooth projective.

Proof. Use that P" has a Chow decomposition of the diagonal, because

Apr = Zprf Coprih

for h the hyperplane class.

Take 0 € P". First restrict Axxpr to X x 0 x X x P", and then project to
Ax C X x X. Applying this to a decomposition of Axxpr gives a decomposition
of AXXPT-

Then we do the birational invariance. Suppose X is birational to Y. Resolve by
X' mapping to both. We have (p,p).Ax: = Ax and (¢, )*Ax agrees with Ay
on the open subset where ¢ is injective, hence agrees up to something on the locus
where ¢ is not an isomorphism. O

Theorem 3.3. (1) If X has a cohomological decomposition of the diagonal, then
H3(X;Z) =0 and Z*(X) = 0.

(2) If X has a Chow decomposition of the diagonal, then H: (X;A) = 0 for all
1> 0.

(3) If X in positive characteristic has a Chow decomposition of the diagonal,
Totaro has shown that HO(Q])“(/K) =0.

Proof. (1) [Ax] = [X x ] + [Z] where [Z] is supported on D x X. We let D — D
be the desingularization in such a way that Z lifts to Z € CH" }(D x X). Let
j: D — X be the composition.
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We can thus write ~

[Ax] = [X x 2] + (5,1d)[Z].
Hence for all o € H5(X;Z) we will get

o = [X x al"a +j.((Z]"a)
—_——
=0 if £>0

and [Z]*a factors through Hé_Z(ﬁ; Z).

If @ € HY(X;Z)tors then o = j-([Z]*a) = 0.

If @ € Hdg*(X;Z) then « = j.([Z]*a) which factors through Hdg?(D; Z), and is
algebraic.

For (2) and (3), the argument is similar but using a different cycle class — the Bloch-
Ogus cycle class for (2), and for case (3) the de Rham cycle class of a correspondence.

O



